The BRST cohomology of free chiral SUSY has a wealth of Extraordinary Invariants. When one adds a superpotential to the free theory, the extention of the Extraordinary Invariants leads to some constraints on that superpotential. A particularly simple solution of those constraints is based on a 3 × 3 matrix of nine chiral superfields, and then the superpotential is simply the determinant of that matrix.
where A IA (where I, A = 1, 2, 3) is a 3 × 3 matrix of chiral superfields, which means that its Determinant is a cubic term in the superfields, so that (1) is a renormalizable action. This Determinant of this matrix can be written in several equivalent ways:
To see that (1) is the action for the supersymmetric version of the Standard Model [5] , for the special case where the matter content consists of one Lepton family, we write the components in the form:
Then it is easy to show that we get the following familiar form for the superpotential polynomial:
The form (2) implies that we must make the contractions, and raise and lower indices, with the two index antisymmetric tensors in two dimensions:
The form (4) is the usual form of the superpotential for the SSM, except for the presence of a right singlet neutrino S and a singlet Higgs J. These make all the difference of course, because they are needed to complete the matrix in equation (3).
These SU (2) Weak Singlet Superfields S and J are not included in the 'minimal' SSM, which is usually restricted to just the superfields L,H,K,P plus the Quarks. Here H i and K i are Higgs SU (2) Weak doublets. As is well known, these two doublets are needed to give rise to mass for the up and down quarks. For the present case they are needed to give mass to the electron and the neutrino, as well. L i is a left Lepton SU (2) Weak doublet and P is a right positron singlet.
The two extra superfields S and J are not excluded by experiment, and they are actually quite useful for the theory. The superfield S gives rise to a Dirac mass for the neutrino, and the neutrino certainly has mass [7] . The Higgs singlet J can be used to give mass to the particles while it also spontaneously breaks the gauge symmetry. This can be accomplished by adding the term g ′ m 2 J to the superpotential.
The supermultiplet A IA appears in the superpotential (2) in a maximally symmetric way, with an invariance SU (3) × SU (3), corresponding to the fact that ε IJK and ε ABC in (2) are invariant tensors of the two SU (3) groups, with the transformation
This invariance is also evident from the Determinant form of the superpotential in (2), since
There are nine complex chiral superfields in this action, and there are sixteen real parameters in the above transformations. Note that the kinetic term in (1) is also invariant under these transformations, provided that they are either space-time constant or gauged 4 .
Since this basic one-Lepton superpotential (2) arises from 'Double Antisymmetrization' (DA), which is equivalent to the determinant, as noted in (2), we will call it the 'Basic DASSM' for clarity.
It is simple to construct the corresponding action with three generations of Quarks and Leptons, and we will call that the 'Full DASSM'. This action is written down in section 4 below. However, it is possible that the Full DASSM might be misguided, since the other two families of Leptons may arise in a different way than just simple repetition 5 .
We also need to incorporate the fact that the SSM does not have the same mass for the electron and neutrino, which means that really the form
is needed. The symmetry is then present, but explicitly broken in this way. But the symmetry is still there in the sense that it governs the kind of fields that are present, even though the couplings are varied. This can be obtained from
Note that if we use this in the kinetic part, the normalizations of the fields are changed, which means that the symmetry is broken. We shall return to this action and to the issue of the broken symmetry below in section 3. It turns out that for the Extraordinary Invariants to exist, the form (9) works perfectly well.
Extraordinary Invariants of Chiral SUSY
In [1] , the Yang-Mills theory was shown to emerge from free gauge theory when one adds a certain Extraordinary Lorentz Invariant to the action. This 'seed' leads to the full Yang-Mills theory through the need to complete the action so that it satisfies the BRST Poisson Bracket. In this paper we examine a rather similar situation which arises for chiral SUSY theories, and it leads us to the action (1) above.
We start with the usual action [8, 9, 10, 11, 12] :
where
and
The form (2) implies that there is an SU(2) invariance associated with these i indices. It turns out to be SU (2) Weak . The weak hypercharge is also included in the SU (3) × SU (3) invariance, as is Lepton number (and Baryon number for the Full DASSM). Here it is not clear how the masses of the electron, neutrino and Higgs are going to be different. This will be discussed below in section 3.
5 They may arise from the couplings to the dotspinors, as explained below in section 3. This would work similarly for the Quarks, except that the first family of Quarks, with a colour SU (3) index, does not seem to be required, which is admittedly very puzzling. This means that the other two families of Quarks are not required either, for this model, as presently understood. and the BRST Poisson Bracket takes the form 6 :
Here is the relevant BRST operator that we get from taking the 'square root' of A Chiral SUSY for the free case and the case where there is a superpotential:
where the equivalence applies to integrated local polynomials 7 .
Sometimes it is useful to adopt the short notation:
6 Again here we have to perform some manipulation to remove exterior derivative complications. This can be found in [13] for example. 7 We need to define superspace translation operators Qα Qα, ∂ αβ and superspace chiral derivatives Dα Dα. These are made from derivatives in terms of the ordinary variables of superspace, namely θα, θβ , x αβ (22) and they take the form
Note that
For this supersymmetric case, it is a little tricky to write down the Extraordinary Invariants, and it is very useful to use superspace notation to construct them. The following expression can be used to construct the simplest Extraordinary Invariants for the free chiral action:
The expression above is chiral
and it transforms like a chiral superfield 8 for the free theory.
The above equation (31) is a peculiar one. For the free theory, it equates the result of the operation of the functional derivative operator δ BRST in (15) to the result of the operation of an ordinary derivative operator (26). In general these will not yield the same result, but for this specific combination, they do. However when one adds the superpotential to make an interacting theory, it has an extra term:
For the interacting theory, we need to incorporate the above expression into a term with two fields multiplied together, as we did for the gauge theory in [1] . As it did in [1] , this procedure enables us to constuct a more complicated Extraordinary Invariant from the most basic one. So define
where the tensor T is to be determined. Then if the following equation is satisfied
it follows that this composite expression will transform as if it were a superfield (though it is not one):
Then the following expression Θ Tα is an Extraordinary Invariant:
To verify that this is in the cohomology space, one can write the expressions out in detail in components, which is not that hard, or else rely on the more abstract and general proofs in [13] .
However, we are still not finished. In the Yang-Mills case in [1] , we had constructed a Lorentz Scalar Extraordinary Invariant at this stage, whereas here we have got a Lorentz Spinor Extraordinary Invariant. We cannot add the expression (36) to the Action (10), because (36) is not a Lorentz scalar. We need to take 8 The complex conjugate
transforms like an antichiral superfield, and all the above remarks apply mutatis mutandis to the complex conjugate.
another step here and couple it to a new chiral dotted spinor superfield ωα T with the appropriate quantum numbers and spin. Then we have a Extraordinary Invariant which is a Lorentz scalar:
and this can be added to the action, and we can proceed to complete the Poisson Bracket as we did in [1] , except that we need to add transformations and an action for the introduced field ωα T . Also we need to find the BRST cohomology of the fields ωα T to understand better what happens when they are added. That is a big topic which we shall not try to discuss here, except to say that there are plenty of Extraordinary Invariants there too.
How does one find solutions to the symmetrization problem (34)? One clue to finding a non-trivial solution of this equation is provided by the discussion of gauge fields in [1] . The relevant term in [1] for these purposes is
The reason (38) does not vanish is that it is antisymmetric in two different sets of indices, so that it can be symmetric overall, as is necessary since the fields A a µ are commuting bosonic fields 9 . The term (38) is of course the starting term for the construction of the Yang-Mills theory. Note that the gauge fields A a µ there have two indices, an isopin index and a Lorentz index, and so it is possible to 'doubly antisymmetrize', as in the term (38), without getting zero.
The superpotential has the symmetric form:
Chiral superfields have only one index-the isospin index, because they are Lorentz scalars, and that is why (39) has a symmetric form. Looking at (38) suggests we might want to get some antisymmetry into (39) if we can. Then we might be able to get a non-trivial solution for (34), as we did for Yang-Mills theory.
In fact it is easy to get two indices into each chiral superfield by simply using chiral superfields with two isospin-type indices. Then one can doubly antisymmetrize without getting zero for (39). Then there is a chance of satisfying equations like (34) while having (39) nonzero. The most obvious way to introduce doubled antisymmetry would be to take the following expression:
where the superfields now have two indices A IA and the indices must, at the very least, take three different values A, B, C = 1, 2, 3 and I, J, K = 1, 2, 3, so that this expression (40) does not vanish. This is of course the same as taking the Determinant for this matrix. And as we have noted in section 1, this may well be exactly what Nature has chosen for the basic SUSY Standard Model. The reason for the three generations of Quarks and Leptons, and for the explicit breaking of the SU (3) × SU (3) symmetry, is far from clear at this stage, but at least they do not spoil this feature.
One can also turn the constraint equation around as follows. Define the following differential operator
Then the equation (34) can be written in the form
In other words, there is a solution of (34) for every independent operator (41) in the Lie algebra of invariance for the superpotential (39).
So if we want to maximize the number of Extraordinary Invariants that can be extended to the interacting theory, while also being economical in terms of complications, we want to find a superpotential with the maximum possible invariance group for a given number of fields, while observing that the superpotential should be cubic. Once again, this points to a Determinant, which has a very large invariance group.
However it should be noted that again the answer to the Bootstrap is not unique. Any invariance in the superpotential will give rise to an extended Extraordinary Invariant. So we are still a long way from 'deducing the SSM' from the free theory. On the other hand, there does appear to be something of that kind going on here.
Lie Algebra of Invariance for the Basic DASSM
Here we will look more closely at the SU (3) × SU (3) invariances of the Basic DASSM, and at the detailed form of the Extraordinary Invariants for that theory. As a start on that, we want to find all Lie derivative solutions of:
for the Basic DASSM double antisymmetry above, which is equivalent to:
If we set the couplings s = p = g = 1 in the above, we already know all the invariances of this polynomial from its construction. They are the generators of the group SU (3) Horizontal × SU (3) Vertical . At first this seems tricky when the coupling constants are present. However they are easily handled. Here is the basic idea. Consider the surface of a sphere described by
This has a group of Lie generators that yield zero on the expression. Here is an example:
and the invariance is described by
If we stretch the sphere to an egg:
that Lie operator is still present, but it takes the form
In other words:
The coupling constants in the DASSM behave the same way. It is a fact that the kinetic terms need to be renormalized in this process. However that does not spoil the existence of the Extraordinary Invariants, because they only require solutions of the equation relating to the superpotential. The full invariance, including invariance of the kinetic terms, is not needed to build the Extraordinary Invariants.
Using this idea one quickly can assemble the full set of invariances for the Basic DASSM and we summarize them in Table ( 
In Table ( 51), we list the Lie Operators that comprise the generators of the SU (3) × SU (3) invariance discussed in section 1 above, expressed in terms of the chiral superfields of the Basic DASSM. From these, we then write down the related Extraordinary Invariants using the discussion in section 2 above. The next step would be to couple these Extraordinary Invariants to new chiral dotted superfields like ωα E in terms like
and then complete the action by adding terms needed to satisfy the relevant BRST Poisson Bracket in full [14, 15] .
Observe that the above contains a term that can be written as an integral over all superspace:
This gives rise to a mass mixing term when the Higgs field gets a VEV:
The only way that these kinds of expressions could be interesting is if they generate a sensible mass spectrum. That seems to be the most important question. It is clear that we need to add more to this theory to answer it, because some of the vector boson leptons that arise from the simplest additions are clearly tachyonic [14] . This can possibly be cured by continuing to add more Extraordinary Invariants, and there are an infinite number available as can be seen from [13] . Observe however, that the Leptonic terms in the Table (51) that will generate mass terms after gauge symmetry breaking, from terms like (54), are matched nicely to the family of Leptons. Is it possible that the muon and Tau families are actually in the coupled terms rather than in the basic chiral superfields that we start with? Of course, even if this works, it still leaves the Quarks in mystery.
The Higgs singlet J plays an important role too. If one adds the term g ′ m 2 J to the DASSM superpotential [8], then the vacuum gets a non-zero energy expectation value ('VEV') for its energy density, which can be shifted back to zero. This VEV can be returned to zero by the shifts
. This shift prevents the spontaneous breaking [16] of SUSY, by renormalizing the VEV of the auxiliary field F J → 0,
so that the action has zero ground state energy. This also gives masses to the Quarks and Leptons and some Gauge/Higgs particles, and it breaks the gauge symmetry SU (2) × U (1) → U (1).
However, the term g ′ m 2 J is not an invariant of the SU (3) × SU (3) symmetry of the action (1), or its version with three generations in (58). If one adds the term g ′ m 2 J, and also adds terms like (53), whose supersymmetry depends on the invariance of the superpotential, supersymmetry is explicitly broken in a very specific way that vanishes when the mass vanishes.
To unravel the consequences of the resulting mass mixing requires a knowledge of the BRST cohomology of the dotted chiral spinor superfields.
As can be seen from Table (51) , if S and J are not present in the theory, then much of the above simply does not happen. The completion of the matrix A AI with these is essential to the construction of these Extraordinary Invariants.
The Full DASSM
To incorporate all the three generations of Leptons and Quarks one could take:
and then one gets the following superpotential, which is closely related to (4):
This form is still doubly antisymmetric (roughly speaking) in its terms, and it still has lots of invariance, though it is not so obviously the determinant of any simple matrix. The quantum numbers of these fields are summarized in Table (59) . 
In Table ( 59), Y is weak hypercharge, F stands for the number of families for each superfield, B is baryon number, L is Lepton number and D stands for mass dimension. After spontaneous gauge symmetry breaking of SU (2) Weak × U (1) → U (1) the left hand doublets break into
The notation for these left doublet and right singlet Leptons and Quarks is designed to prevent the need for repetition of the notation for the field and its conjugate, which would create even more indices on the already index-encrusted fields.
As we noted above, this might be the wrong approach, since the theory already has enough room to make the families without adding these (except for the mystery of why there are Quarks).
Conclusion
So does SUSY 'know' about the Standard Model, in the sense that the addition of the Extraordinary Lorentz Invariants require us to start with the DASSM? SUSY appears to be somewhat aware of it, because if one wants a maximal solution of the constraints with a minimal number of superfields, one gets the simple action that generates the DASSM.
However there are several steps involved, and the derivation of Yang-Mills theory from the unique Extraordinary Lorentz Invariant in free gauge theory in [1] is more straightforward, and much simpler, than what happens for the SUSY theory. However, if we decide to add fields so that the maximum number of Extraordinary Lorentz Invariants of SUSY can be added to the action in the simplest way, we do get the DASSM.
We have looked at the extension of Extraordinary Invariants, starting with free gauge theory and with free chiral supersymmetry. With some reasonable assumptions, these yield, respectively, Yang-Mills gauge theory and a special, and very simple, version of the SSM, namely the basic DASSM. There is a parallel between the construction of Yang-Mills theory and the construction of the basic DASSM from the free theories. In particular, both constructions use double antisymmetrization in a fundamental way as part of the extension.
From these constructions, it seems that the cohomological properties of the free theories are influencing the interacting theories that are actually chosen by Nature. It also appears that SUSY helps to explain the Standard Model, by showing why the left weak doublets and right weak singlets make things simpler and more natural in the matrix A that yields the simple superpotential Det A. If one wants to proceed in the simplest and most natural way, there is a limited choice about how to extend the Extraordinary Invariants from the free theories to the interacting ones.
These results justify the term 'Bootstrap'. But it must be admitted that any Yang-Mills theory would suffice to extend the Extraordinary Invariant in free gauge theory, and any invariance of the superpotential would generate an extension of the chiral SUSY Extraordinary Invariants. So the Bootstrap needs to be supplemented by some principles of economy in the number of fields, simplicity in the interactions, and maximality of the number of Extraordinary Invariants, to derive the Basic DASSM.
Even if we accept those principles, Nature adds some very non-minimal complications to the Basic DASSM, in the form of the SU (2)×U (1) gauge fields, the multiple families of Leptons, the multiple families of Quarks, and the colour SU(3) gauge fields. While these are consistent with the Bootstrap construction above, they certainly go beyond the minimal solution. Where do these come from?
What happens if this 'Bootstrap procedure' is applied to SUSY Yang Mills? It appears that there are Extraordinary Invariants in SUSY Yang Mills, but the details have not been worked out yet. Would that add more constraints that might help to account for the non-minimal structure seen in the Full Standard Model?
The right handed Neutrino S and the singlet Higgs J are essential to the construction of the Basic DASSM, with its simple action (1). The closely related action (58) for the Full DASSM also requires flavoured right Neutrinos S p and the singlet Higgs J. The right handed Neutrino superfields yield massive Neutrinos and so this model is, at least, not obviously wrong. But the fundamental issue to be resolved is the mass spectrum we obtain from the extension of this theory. There are certainly tachyons if one does this in the simplest way.
